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Computer simulation results are presented for the residual chemical potential 
pi, local solvent density enhancement ApIm, and average solute potential energy u1 
of a solute molecule immersed in afluid very close to its criticalpoint. Thesimulation 
algorithm involves the Monte Carlo method in conjunction with free energy per- 
turbation ideas. A number of ideas related to the feasibility of computer simulations 
in near-critical solvents are investigated. Due to long-range correlations near the 
critical point, it is not clear that simulations in this regime can be expected to yield 
accurate results using ensemble sizes of the magnitude typically used in simulations. 
Examination of system size and number of sampling steps on the simulations shows 
that the accuracy of the results depend to a large extent on the nature of the 
thermodynamic property being investigated. The solute chemical potential is suited 
particularly to simulation since it depends primarily on short-range structure in the 
system. A comparison of the simulation results with integral equation theory cal- 
culations shows both approaches agree well with each other. 

Introduction 
Fluids near their critical points exhibit large compressibility 

changes and other unusual solution behavior. Some of these 
effects have been proposed as the basis for new separations 
technology involving the use of supercritical fluid solvents. To 
better understand solvation thermodynamics in near-critical 
solutions, statistical mechanical theories of fluid behavior have 
often been used either in the form of integral equation theories 
(McGuigan and Monson, 1990; Wu et al., 1990; Munoz and 
Chimowitz, 1992) and/or computer simulation methods (Vo- 
gelsang and Hoheisel, 1984; Shing and Chung, 1987, 1988; 
Petsche and Debenedetti, 1989; Nouacer and Shing, 1989). 
Although Monte Carlo (MC) and Molecular dynamic (MD) 
simulation methods provide powerful techniques for investi- 
gating solvation thermodynamics in these systems, the accuracy 
of simulation results for systems very near their critical points 
is still a debatable issue. There are a number of reasons for 
this; an important one is being the use of periodic boundary 
conditions for constructing infinite images in conventional MC 
or MD simulations. Long-range density fluctuations near the 
gas-liquid critical point, specifically those with wavelengths 
greater than the length of the sampling box L, are suppressed 
artificially through this simulation construct. In this situation, 

there is a dilemma associated with the simulation of a system 
using small sample sizes of the magnitude typically used in 
simulations. Can we achieve reasonable results in these situ- 
ations and if so, for what classes of thermodynamic properties? 
These are essentially the points we address in this article using 
a Monte Carlo algorithm in conjunction with free energy per- 
turbation theory to carry out the simulations. 

Shing and Gubbins (198 1,1982) provided some notable early 
simulation results for the calculation of chemical potentials in 
Lennard-Jones mixtures at high densities using a MC method. 
In subsequent work, Shing and Chung (1987) argued that the 
isothermal-isobaric (NPT) ensemble was particularly conven- 
ient to use for supercritical fluids since it explicitly permitted 
density fluctuations. Those authors used MC simulations with 
both the test particle method based on Widom’s potential 
distribution theorem (1963), and the Kirkwood coupling 
method (McQuarrie, 1973) for calculating the residual chemical 
potential pi of a solute immersed in a supercritical fluid solvent. 
At low to moderate pressures, both methods essentially gave 
similar results; however, at high pressure the Kirkwood cou- 
pling method proved to be more accurate and stable. It is well 
established that the test particle method fails at high densities 
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because of its inability to sample favorable configurations 
(Panagiotopoulos et al., 1986). Shing and Chung also com- 
pared their simulation results to experimental solubility data 
for the CO,/Naphthalene system and concluded that the sig- 
nificant discrepancies observed between the simulation results 
and the experimental data were a consequence of the crude 
nature of the C02  potential used. This particular potential was 
of the Lennard-Jones form with a quadrupole moment term, 
and had been fit to experimental saturated vapor-liquid density 
data for C02. 

In another study using Lennard-Jones mixtures, Shing and 
Chung (1988) calculated a wider range of thermodynamic prop- 
erties in addition to the solute residual chemical potential Cl;. 
These included the solute partial molar internal energy e and 
its partial molar volume counterpart e, at the limit of infinite 
dilution in the NPT ensemble. The infinite dilution limit is 
considered to be a useful reference condition for analyzing 
dilute supercritical mixture behavior. There appeared to be 
significant differences in the statistical accuracy of the simu- 
lation results for these two property types. The results for I(; 
showed relatively small fluctuations about their mean values, 
while the fluctuations in the other two properties were ex- 
tremely large. For example, in a system of Lennard-Jones 
molecules (with potential parameters ~ ~ ~ = 0 . 5 ~ 2 2 ,  42 = 3.5d2, 
T* = 1.5, p* =0.3), the simulation results for @' were given 
as - 0.4* 10 and vp" = 24.7 f 18 (a? was reduced with respect 
to E~~ and vp" with respect to d2). In this notation, 1 refers to 
the solute species, 2 the solvent, E is the well-depth parameter, 
u the molecular diameter term and T* and p* the reduced 
temperature and density of the Lennard-Jones system defined 
as T* = ~ T / E ~ ~ ,  p* = N d 2 / V .  We believe that the large uncer- 
tainties associated with the simulation results for these latter 
properties is directly related to the issue of long-range corre- 
lations and the problems they may present for computer sim- 
ulation in dilute near-critical mixtures, a focus of this work. 

A distinction between short and long-range effects affecting 
solvation in a near-critical solvent was explicitly considered by 
Munoz and Chimowitz (1992) who showed that the diverging 
parts of the solute residual partial molar entropy and its en- 
ergetic counterpart cancel exactly. As a result, these divergent 
terms do not contribute in determining the value of the solute's 
residual chemical potential in solution. Since this divergent 
behavior is related to long-range effects, this result implies that 
the solute chemical potential is representative of short-range 
structural adaptations in the fluid. In this sense, the chemical 
potential is an ideal property for study with computer simu- 
lation, regardless of the ensemble type used and/or proximity 
to the solvent critical point. The extent of the so-called short- 
range neighborhood, responsible for the dominant contribu- 
tion to p;, was investigated by Munoz and Chimowitz using 
integral equation theory calculations. They consistently found 
this neighborhood to be a spatial domain of approximately 
three solvent diameters around the solute molecule, independ- 
ent of the extent of density fluctuations in the system. The 
solute's partial molar internal energy e and its volumetric 
counterpart e, however, intrinsically involve long-range cor- 
relations and remain more difficult quantities to determine 
with small sample sizes especially when near the critical point. 
Towards this end, Munoz and Chimowitz defined two new 
short-range properties related to the solute's free energy of 
solvation, namely the average solute potential energy denoted 

1986 December 1993 

by ul,  and the solute's local entropy of solvation denoted by 
S;. In addition to being informative about solution behavior, 
it is shown here that these properties can be calculated using 
MC simulation methods with small sample sizes near the mix- 
ture critical point. The investigation of these and other issues 
is taken up in this article. We explicitly study the system at, 
or extremely close to its accepted critical point. Previously 
reported simulation results in dilute supercritical mixtures have 
by comparison been at conditions much more removed from 
the critical point itself. In addition, we often provide com- 
parisons between the simulation results and integral equation 
theory calculations of the sort described in Munoz and 
Chimowitz. Those calculations used the Kirkwood-Buff for- 
malism (195 1) in conjunction with the PY (Percus-Yevick, 
1958) equation for the mixture pair correlation functions. While 
this is an approximate classical theory, it is widely used, and 
closely satisfies important thermodynamic consistency prop- 
erties at near-critical conditions (Munoz and Chimowitz, 1992). 

Theoretical Background to the Simulations 
A common feature of computer simulation is the use of 

small molecular aggregates to calculate average thermody- 
namic properties for a macroscopic system where this average 
is taken according to some prescribed statistical distribution, 
for example, the Boltzmann distribution. These averaged val- 
ues correspond to the mean property value in the macroscopic 
system. This presents a potential dilemma if the system being 
simulated is near a critical point, because of long-range cor- 
relations intrinsic to this region. Implicit to this point is the 
notion that in this region thermodynamic properties depend 
upon averages taken over macroscopic dimensions. This may 
complicate the use of simulation methods in these systems and 
is one of the points we address, particularly with reference to 
the solute chemical potential when solvated in a solvent near 
its critical point. 

Consider a binary solution of a solute (species 1) in a solvent 
(species 2). In the limit of infinite dilution when xl-O, the 
residual chemical potential of the solute derived by the Kirk- 
wood coupling approach (McQuarrie, 1973) can be expressed 
as: 

where u I 2 ( r )  is the intermolecular potential between solute 1 
and solvent 2, F is the Kirkwood coupling parameter, p the 
phase density and g(r .  5 )  the pair correlation function with 
the system coupled to the extent E .  A thermodynamic definition 
for the property Ir; can be given as: 

p ; = R - T s ;  

where B; is the residual partial molar enthalpy of the solute, 
3; its partial molar entropy and T the temperature. In their 
article, Munoz and Chimowitz (1992) proved that the long- 
range contributions to both the energetic and entropic terms 
in the righthand side of Eq. 2 cancel exactly. A consequence 
of this result is that I(; is predominantly given by short-range 
effects, independent of whether or not the solvent is near its 
critical point. This result may also be anticipated from Eq. 1 
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where the intermolecular potential term in the integrand will 
tend to dampen long-range effects that show up in the pair 
correlation function as the solvent approaches criticality. Self- 
consistent definitions for these short-range energetic and en- 
tropic effects that contribute to p; were proposed by these 
authors and are given as: 

(4) 

where p; is given by Eq. 1. It should be stressed that the 
functions uI and s; are not the usual energetic and entropic 
properties commonly used in the equation defining the chem- 
ical potential. In particular, 

and 

Furthermore, ul#nl and s;#s;, where nl and 3; are the 
respective partial molar properties of the solute in solution. 

The spatial dependence of the solute chemical potential and 
its decomposition into energetic and entropic contributions as 
defined by Eqs. 3 and 4 above can be investigated by studying 
a function F12(R) defined as: 

r R  rl 

From this definition for F,,(R), 

Obviously, the idea that p; is given by short-range effects im- 
plies that the limit R--os in Eq. 8, while an exact result, is 
much too conservative a criterion. A question naturally arises 
as to the value of R that defines the neighborhood primarily 
responsible for setting a value for pi, a point taken up by 
Munoz and Chimowitz (1992). Their results consistently dem- 
onstrated that the spatial domain predominantly responsible 
for establishing a value for pi was a small neighborhood (cor- 
responding to approximately three solvent molecular diame- 
ters) around the solute species. This appeared to be the case 
irrespective of the proximity to the solvent critical point. From 
these results we may conclude that the solute chemical poten- 

Table 1. Lennard-Jones Potential Parameters for the System 

Solvent-Solvent Solvent-Solute Solute-Solute 
6 , / k  (K) 204.68 353.20 629.45 
a,, (A)  3.831 4.129 5.627 

tial, besides being an important property for describing sol- 
vation thermodynamics, is also an ideal property from the 
perspective of computer simulation studies in near-critical 
fluids. 

Simulation Method 
We chose to study a Lennard-Jones system with parameters 

corresponding to those in Table 1 which will allow us to com- 
pare the simulation results with the integral equation theory 
calculations. The parameters in Table 1 correspond to a sit- 
uation where the solute is larger than the solvent species and 
is representative of most real systems of interest in supercritical 
fluid technology. Since this study was primarily concerned with 
developing and testing simulation methods rather than at- 
tempting to examine quantitative agreement with experimental 
data, no attempt was made to optimize the potentials. 

Free-energy perturbation method 

(species 2). The residual chemical potential ul; of solute 1 is: 
Consider a binary solution of a solute (species 1) in a solvent 

where p{ can be explicitly written as: 

(9) 

For an infinite-dilute solution, N, is set to be 1 and Eq. 9 
becomes: 

From perturbation theory (Widom, 1963; Jorgensen and Rav- 
imohan, 1985), Eq. 9 can be represented as: 

pi =A;  = - kTln (exp[ - P (  uI - ull)]>l l  (12) 

where k is the Boltzmann constant, T is the absolute temper- 
ature, /3= l / kT ,  ui is the intermolecular potential energy in 
state i (state I represents N2 solvent molecules with 1 solute; 
state I1 represents N2 solvent molecules). The configuration 
ensemble average ( is taken with respect to reference state 
11. Unless the two fluids are very similar implying that P (uI - ufI) 
is small for all the important configurations in the ensemble, 
the average in Eq. 12 is difficult to calculate accurately (Allen 
and Tildesley, 1987). A way to compensate for this potential 
problem is to define a coupling parameter X that allows the 
perturbation to be turned on gradually (Singh et al., 1987). 
As a result, the computational implementation of Eq. 10 is as 
follows. If the two systems differ significantly as is the case 
here, the states between I1 and I are defined through a per- 
turbation parameter X as: 

where 

(13) 
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u, , (r)=4cu[ (:)I2- (:)'I 
Thus, $,(A) is the potential energy of a solute molecule inter- 
acting with Lennard-Jones parameters given by: 

Therefore, from Eq. 13, ux=,=uI  and u ~ = ~ = u ~ ~ .  Thus, the 
states 11 and I are smoothly connected through the parameter 
X. The free energy between states defined at both A '  and X is 
given by 

where X '  -- h is a small quantity so that U A J  - #A is of the order 
of kT.  The chemical potential is obtained by taking the sum 
of these averages as follows: 

X=O 

The perturbation method chemical potential expression in 
Eq. 20 is reminiscent of the Kirkwood coupling method. The 
two methods are related, and they become the same in the 
limit AX-0. This is easier to see when we write the Kirkwood 
chemical potential equation as: 

where 

A'( h) = - kTln exp[ - /3uJd#"+' (22) s 
with uX given in Eq. 13. Equation 22 gives the residual Helm- 
holtz energy of the system as a function of the coupling pa- 
rameter X. It is clear that Eq. 21 is the differential limit of Eq. 
20. Using Eq. 22 in Eq. 21 one can arrive at the familiar form 
of the Kirkwood chemical potential equation: 

where g J r ;  X) is the radial distribution function of solvent 
molecules around a solute molecule coupled to the extent X to 
the rest of the system. In this work, we chose to use the per- 
turbation approach, because it does not require quadrature at 
the end of the simulations and its implementation is quite 
straightforward. 

Simulation Procedures 
The simulations were carried out for the interconversion 

between an empty site and a solute molecule in the solution. 
A coupling parameter X was used to smoothly transform the 
empty site (h= O.O), with E = 0.0 and u =  0.0 A ,  to solute mol- 
ecule (h = l .O). Simulations were mainly carried out for values 
of X=O.O, 0.2, 0.4, 0.6, 0.8 and 1.0. In order to check the 
self-consistency of the calculations, the simulations were run 
in both directions, that is, A ' -X  and X-A'  except at the two 
end points. This is known as "double-ended"samp1ing (Jor- 
gensen and Ravimohan, 1985) and provides a measure of the 
accuracy in the calculations. In principle, the double-ended 
method is able to set both upper and lower bounds on the 
values obtained from the calculations. This bound, based upon 
the Gibbs-Bogoliubov-Feynmann inequality, was derived by 
Bennett (1976) and can be stated in the terms used here as: 

Using this inequality, one can estimate the range of accuracy 
of the calculations. 

The simulations were done in the NVT ensemble. Through- 
out this work, we consider the near-critical region to be in the 
reduced variable ranges T *  = 1.32*0.03, p *  =0.30=k0.02. 
Three sampling systems were used as required, involving 124, 
342 and 728 solvent molecules respectively. An attempt to move 
the solute was made on every 50th cycle of moving 124 solvents 
which was equal to every 6,200th configuration. The ranges 
for the attempted moves were almost the same in each simu- 
lation and provided approximately a 45% probability for the 
new configuration being accepted. For the system with one 
solute plus 124 solvent molecules, each simulation included an 
equilibrium phase of 100,000 configurations followed by av- 
eraging for properties over an additional 400,000 configura- 
tions at each value of the perturbation parameter. For the 
system with 342 solvent molecules, each simulation consisted 
of an equilibrium phase of 300,000 configurations; while for 
728 solvent molecules, the equilibration phase was for 700,000 
configurations. For the system of 124 solvent molecules, there 
was no statistically significant change in the computed chemical 
potential after averaging over these 400,000 configurations, 
while for the system of 342 solvent molecules, there was no 
significant change after 1,200,000 configurations. These num- 
bers are the number of sampling steps at each value of h 
throughout the respective simulation. For the Lennard-Jones 
energy functions, the recommended spherical cutoff distance 
rcUtoff is 2 . 5 ~ ~ ~  (Allen and Tildesley, 1987). At this point the 
value of the pair potential between molecules i and j is just 
1.6% of the well depth E , ~  and this value was used in this work. 

Results and Discussion 
In order to initially establish the merits of the free-energy 

perturbation algorithm as implemented here for the calculation 
of the infinite-dilution solute residual chemical potential p:, a 
comparison between our simulation results with some previ- 
ously published work was done. In Table 2, we provide some 
of these results compared to those developed using both the 
test particle method and/or the Kirkwood coupling approach 
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Table 2. Reduced Infinite-Dilute Chemical Potential 
(pif = pVcL2): Free-Energy Perturbation Method vs. Previous 

Literature Values 
0 - 0  Integral Eq 
A--& Simulation Result 

. -. qZ= 1.5eZ2, uf2=3.5u:, and T*=2.0  
P* Simulation Results (this work) Literature Value 
___.__ 

0.2 - 7.33 *0.70 - 7.4*0.5' 
0.4 -11.62zt1.59 - 1 1 . 1  *0.5' 
0.6 - 6.32 f 4.91 - 10.0*1.2** 

- E , ~ = ~ . O E ~ ~ .  ~ 1 ~ = 3 . 5 u : ~  and T * =  1 .5  - 
P' Simulation Results (this work) Literature Value 
0.1 - 8.44 * 0.63 -8.5It 
0.2 -15.33&1.02 - 15.20t 
0.3 -24.82k1.84 - 20.90t 
0.4 - 24.83 * 1.82 -25.00' 
0.5 -27.20*4.31 - 28.00' 
0.6 - 23.95 *5.22 - 22.51 * 1 .IS' - 14.80t 

Using the test particle method by Shing and Chung (1988). For the test 
particle, the particle insertion simulation is considered more accurate than 
the particle withdrawal one (Shing and Gubbins, 1982). 

"Using the Kirkwood coupling method by Shing and Chung (1988). 
'Using the test particle method by Shing et al. (1988). 
'The simulation was run for values of X=O.O, 0.1,0.2, ..., 0.8.0.9, and 1.0, 
and for the average over 1.OE6 configurations. 

presented by Shing and co-workers. There is generally good 
agreement between our results and the prior work, with the 
only significant discrepancies occurring at the highest densities, 
particularly for the second system. To check this result, we 
repeated the simulation at the highest density for the second 
case in Table 2 for the smaller values of the perturbation 
parameter k=O.O, 0.1, 0.2, . . . . 1.0. This halving of the 
perturbation step size results in a more accurate simulation; 
however, the change in the result we obtained was moderate 
suggesting that the test particle result may be suspect at this 
high density. These benchmarks showed that our simulations 
appeared to be accurate at the given conditions. However, it 
should be pointed out that the temperatures in Table 2 are all 
well removed from critical. We were unable to find published 
simulation results at conditions closer to the solvent critical 
point with which to compare our calculations so in subsequent 
sections we have compared the simulations to theoretical results 
where possible. This theory used the Kirkwood-Buff formalism 
in conjunction with the Percus-Yevick model for the various 
solution pair correlation functions. Notwithstanding this being 
a classical theory, in previous work when compared to sim- 
ulation results in supercritical fluid systems at conditions more 
remote from critical than those investigated here, it has ac- 
quitted itself quite well (McGuigan and Monson, 1990). Since 
this theory implicitly accesses long-range structure, any strong 
discrepancies between the simulation results and theory can 
serve as a useful guide to potential size dependence problems 
with the simulations; this perspective was particularly useful 
for analyzing the results as now discussed. 

In Figure 1 and Table 3, results are provided showing the 
values of p: calculated over a wide range of densities at a 
temperature much closer to the critical one, that is T* = 1.32. 
In addition, we also show the integral equation results for 
p', at similar conditions. The agreement between both sets of 
numbers is quite good, particularly at the lowest densities where 
we are more confident of the theory. In general, the integral 
equation results tend to fall within the range of the inequality 
given by Eq. 24 especially for the simulations at the smallest 
value of Ak. The simulations for AX=O.l are modestly dif- 
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Figure 1. Comparison of the residual chemical potential 
pi by MC simulations and integral equation 
theory calculations where T * = 1.32. 

ferent from those at twice the value of this perturbation step 
size; the largest differences occur as expected at the highest 
densities. At these high densities, there is generally greater 
uncertainty to the simulation results as indicated by the in- 
creasing range of the "double-ended" sampling calculations 
representing the range of the inequality given by Eq. 24. This 
degradation in simulation results at high densities corresponds 
to the difficulty of finding accessible regions of phase space 
in which to move the system's molecules when they are closely 
packed. It is of interest to note that the result closest to the 
critical point shows extremely good agreement between theory 
and simulation values for p',. Since the theory implicitly in- 
corporates long-range effects, while the simulations by con- 
struction do not, this reinforces the earlier result that p', is 
largely independent of long-range structure at near-critical con- 
ditions. 

Sample size and simulation results for pi 
In order to further test the integrity of the simulation results, 

we explicitly addressed the question of system size and its effect 
on the results. Although pi may primarily be given by short- 
range effects, this does not entirely absolve simulation methods 
from having to deal with the question of long-range fluctua- 
tions that are present near the solvent critical point. The reason 
for this is that while the final equilibrium value for p; may 
depend mainly on molecular configurations within a small 
neighborhood around the solute species, these configurations 
must be allowed to occur during the simulation, and this proc- 
ess may indeed involve large length scale fluctuations. In other 
words, the system size in the NVT ensemble may yet be an 
important factor determining the extent to which molecules at 
a significant distance from the solute will be allowed to be 
drawn into the local neighborhood that determines the value 
of the property p{. We investigated this issue using systems of 
various size. 

Table 4 shows results illustrating this very close to the solvent 
critical point. Different systems corresponding to N2 = 124, 
N2 = 342 and N2 = 728 were used to determine p',. The results 
show that increasing the number of solvent molecules in the 
simulations did not have a very significant effect on the sim- 
ulation results for the ensemble average for p:. From these and 
other similar results, we have found it appears that system size 
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Computer Simulation (N2= 124) 
p; (kcal/mol) 

P* h=0.0, 0.2 ... 0.8 and 1.0 X=O.O, 0.1 ... 0.9 and 1.0 

- 0.84 11-1: -0.84 
( - 0.90) 

1-11: 0.96 1 0.05 

___ Theory" 

P; 
(kcal/mol) 

___ 

0.1 ( - 1.67) - 1.67 

( -  3.02) - 3.25 

I 11-1: -1.63 
1-11: 1.71 

11-1: -2.94 
1-11: 3.10 

( - 1.72) 

( - 3 . 1 5 )  

1 11-1: -1.69 
1-11: 1.75 

11-1: -3.05 
1-11: 3.24 

0.1 

0.2 

1 ( - 1.67) - 1.67 I 11-1: -1.63 
1-11: 1.71 ( - 1.72) 1 11-1: -1.69 

1-11: 1.75 1 
o'2 

I I I I 

( -  3.02) - 3.25 11-1: -2.94 
1-11: 3.10 

( - 3 . 1 5 )  11-1: -3.05 I 1-11: 3.24 

(-4.25)' 1 11-1: -4.06 
1-11: 4.45 ( - 4.47) 1 11-1: -4.21 

1-11: 4.73 
0.3 -4.33 

'State I means the system has Nz solvent molecules and 1 solute; state I1 means the system has only N2 solvent molecules: T' = kT/c,= 1.32. Here, a; of 
11-1 is calculated by the equation (-RT ln(e-PA")II) and +: of 1-11 is calculated by (-RTIn(e-aA")l. Numbers inside ( ) are the average of (-RT 
In(e-8A")ll) and ( -RTln(e-dA"),). 

* Please see reference Munoz and Chimowitz (1992). 
**The simulations were run for the average over 1 .OE6 configurations. 

( - 5.25) 

( - 5.99) 

11-1: -5.04 
1-11: 5.45 

11-1: -5.77 
1-11: 6.20 

11-1: -5.88 
1-11: 7.19 

0.4 

( - 6.54) 

1 0.5 

1 0.6 

does not appear to play a significant role in determining ti;, 
at least for the potentials studied. Because of the long computer 
times involved with the calculations using N2 = 728 solvent 
molecules, we only did these calculations for Ah=0.2. These 
results, as well as the others in Table 4, clearly demonstrate 
the small effects of size dependence on pi. In Figure 2 are 
shown values for pi plotted at intermediate stages during the 
simulation showing the convergence characteristics of these 
simulation runs at the conditions shown. 

< - 5.06)+ - 4.85 

( - 5.28)' - 5.41 

I 
1 
1 

11-1: -4.83 
1-11: 5.29 

11-1: -5.19 
1-11: 5.36 

11-1: -5.59 
1-11: 6.65 

(-6.12)' - 5.80 

Local density enhancements and simulation of other 
properties 

The enhancement of solvent density in the immediate neigh- 
borhood of the solute relative to the prevailing bulk fluid 
density has interested a number of research groups in super- 
critical fluid solution thermodynamics (Kim and Johnston, 

- l - -  
Table 4. Residual Chemical Potential Values Found by MC 
Simulation Using 125 Particles (N2 = 124 and iVl = l),  343 Par- 
ticles (N2=342 and N , = l )  and 729 Particles (N2=728 and 

N1 = 1)' 

NZ = 124 N2 = 342 NZ = 729 
(MC (MC (MC 

Sirnulation) Simulation) Simulation) Theory' * 

(kcal'mol) -4.47+0.26 -4.68+0.15 -4.52*0.01 -4.33 where AX=O.2 
p; (kcal/mol) where - 4 . 2 5 3 ~ 0 . 2 0  -4 .35+0 .15  -- - 4.33 

o , A Simulation Results 
0 A - 0 0 0 2  0 8 a n d l O  
A h = 0 0 0 1  0 8 m d 1 0  "\ 

~ 

'State I means the system has Nz solvent molecules and 1 solute; state I1 
means the system has only Nz solvent molecules: T' = kT/EZ2 = 1.32, p* = 0.3 

**Please see reference Munoz and Chimowitz (1992). 

1987; Debenedetti and Kumar, 1988; Munoz and Chimowitz, 
1992). The results in Table 5 show the local density enhance- 
ments in a region corresponding to three solvent diameters 
around the solute, calculated both with simulations and theory. 
The local density factor Aplm is defined as: 

where N is the actual number of molecules in the local volume 
defined as: 

0 

0 

-7 i 
0000 0 100 0200 0300 0400 0500 0600 0700 

Reduced Density p* = NO;~/V 

Figure 2. Simulated p; vs. sampling steps where 
N2=124,p*=0.3and T*=1.32. 
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Table 5. u, (Average Potential Energy of Solute), N (Number 
of Local Solvent Molecules) and Aplm (Local Density En- 
hancement Factor) Calculated by MC Simulations and Integral 

Equation Theory' W 

. -10.- - 
I 

Simulation Simulation Simulation 
( N 2 =  124) Theory** (N2=  124) Theory (N2= 124) Theory _ _  __. -- 

UI ui 

p' (kcal/mol) (kcal/mol) N N ApiOc A P I ~ ~  
0.05 -1.53 -1.51 7.51 7.43 38.46% 36.88% 
0.1 -2.86 -3.06 14.30 15.62 31.75% 43.93% 
0.2 -5.05 -6.59 27.05 35.16 24.64% 62.04% 
0.3 -6.62 -8.70 37.19 49.00 14.24% 50.53% 
0.4 -7.90 -8.69 46.88 50.89 8.00% 17.25% 
0.5 -8.98 -9.64 56.33 57.94 3.82% 6.80% 
0.6 - 10.33 -10.99 66.08 67.09 3.03% 3.05% 

0 A = 0 0 0 2  O B a n d l O  

A A - 0 0 0 1  0 8 a n d 1 0  

Integral Equation - 

Total sampling steps for simulations are 1 ,OOO,OOO and T* = kT/cU= 1.32 
* '  Please see reference Munoz and Chimowitz (1992) 

1 
-30- 

v 

L _  

and N, is the number of molecules in this volume element that 
would exist if the local density were equal to the prevailing 
bulk density pv. In addition, in Table 5 are shown the results 
for u l ,  the local energetic contribution to k;, defined in Eq. 3. 
At both very low and high densities, there is good agreement 
between theory and simulation for ul, N and Aploc, but at 
intermediate densities, especially near the critical point, there 
are significant discrepancies between these values. Obviously 
for these properties, the existence of long-range fluctuations 
near the critical point seems to be a factor that may be in- 
adequately accounted for using the sample size corresponding 
to N2 = 124. These observations motivated us to study the issue 
of the sample size for these respective properties. Simulations 
were done using N2= 124, 342 and 728, the results of which 
are presented in Table 6. The change in the results with in- 
creasing sample size is clear, showing the salutary effects of 
increasing both system size (and the number of sampling steps) 
for these respective properties. It is interesting to note that at 
the high end of the simulations ( N2 = 728, number of sampling 
steps = 7.OE6) the simulations appear to be converging toward 
the results given by theory. Presumably, the results of this 
trend could be made more accurate by continuing to increase 
both N2 and the sampling steps of the MC algorithm. 

These results illustrate a number of issues related to MC 
simulations near the solvent critical point. They show that a 
property like cl; appears to not require very large sample sizes 
while other properties like ulr Aploc and so on appear to be 
significantly improved as sample size increases. Although all 
three of these properties are in the final analysis primarily 

Table 6. u, (Average Potential Energy of Solute), N (Number 
of Local Solvent Molecules) and Aplm (Local Density En- 
hancement Factor) Calculated by Sampling 125 Particles 
(N2 = 124 and Nl = l),  343 Particles (N2 = 342 and Nl = 1) and 
729 Particles (N2 = 728 and Nl = 1) with Different Sampling 

Steps* 

N ,  = 124 N, = 342 N, = 728 Theory'. 
uI (kcal/mol) - 6.63(i.0E6) - 7.80(3.0E6) - 7.89('.0E6) - 8.70 

A P I ~  14.24% 34.68% 39.18% 50.53% 
N 37.19 43.84 45.31 49.00 

T' = kT/+z = 1.32, p* = 0.3 
**From Munoz and Chimowitz (1992). 
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Figure 3. BF,dp* at T * = 1.32 and p* = 0.3. 

given by short-range structure, it is clear that the 'correct' local 
structure of the fluid requires that long-range effects be free 
to influence the progression towards the 'final' equilibrium 
state. If this is restricted in the simulations, by arbitrarily 
reducing the sample size for example, then considerable errors 
may occur. We emphasize though that CL; remains relatively 
insensitive to the values of local density enhancements as may 
be inferred from the results in Tables 4 and 6, consistent with 
the theoretical analysis of Munoz and Chimowitz (1992). This 
invariance was attributed to short-range energy-entropy can- 
cellation effects as borne out by the simulations. On the other 
hand a property like uI,  although also dependent on short- 
range structure, is more strongly dependent upon density en- 
hancements in the immediate neighborhood of the solute. 

Figure 3 shows a comparison between theory and simulation 
results illustrating the spatial dependence of p;, represented by 
the function F , , ( R )  defined in Eq. 7. Each simulation point 
in Figure 3 represents the simulation result analogue of Eq. 7 
at a given distance R* = R/uU from the solute molecule. To 
get these results the simulations were done such that the cutoff 
distance for the solute molecule was made equal to R* for  each 
respective simulation point on the graph. The results are for 
a condition very close to the solvent critical point and indicate 
a reassuring consistency between theory and simulation at this 
level of molecular detail. 

Given these results for pure solvent systems in their near- 
critical regions we decided to simulate near-critical mixed sol- 
vent systems for the final results of this article. To our best 
knowledge, such calculations close to the solvent mixture's 
critical point have not previously been reported. 

Mixture simulations 
An advantage of computer simulation is its flexibility for 

addressing variations of a problem without having to radically 
reformulate equations and other theoretical results. To this 
end, we chose to study a fluid solvent mixture near its critical 
region. Supercritical fluid solvent mixtures exhibit a variety of 
interesting behavior including the phenomenon referred to as 
critical azeotropy, a topic discussed in detail by Munoz and 
Chirnowitz (1993a,b). The fluid mixture we investigated was 
represented by Lennard-Jones potential parameters shown in 
Table 7 for components 2 and 3, for which Munoz (1992) has 
provided critical line results using integral equation theory 
calculations. The results for the critical line of this binary 
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Table 7. LennardJones Potential Parameters for the Mixed 
Near-Critical Solvent System 

t,/k (K) U , , ( A )  

Solute 1-Solute 1 307.02 4.314 
Solvent 2-Solvent 2 409.36 4.918 
Solvent 3-Solvent 3 204.68 3.831 
Solute 1-Solvent 2 354.52 4.641 
Solute 1-Solvent 3 250.68 4.103 
Solvent 2-Solvent 3 289.46 4.315 

+ x, = o.oo0 

..-o.- x, =0.508 

mixture are presented in Figure 4. We were interested in ex- 
amining the chemical potential of a third dilute solute species, 
with potential parameters shown in Table 7, immersed in the 
mixed fluid solvent system at various reduced conditions of 
temperature and density. These reduced variables were defined 
as T,= T/T, and p, = p/p0 where T, and pc refer to the absolute 
critical temperature and density of the solvent phase respec- 
tively, which can be found from Figure 4. The results for the 
solute residual chemical potential are shown in Figure 5. It 
should be noted that the 1-2 solute-solvent system’s residual 
chemical potential lies above the values for the 1-3 pair. Table 
7 shows that the potential parameters for the 1-2 pair reflects 
a more ‘positive’ solution, that is, solute molecule ‘smaller’ 
than the solvent while the 1-3 pair is a more ‘attractive’ solution 
(solute larger than the solvent species). These results are com- 
pletely consistent with the integral equation results of our ear- 
lier work, Munoz and Chimowitz (1992), for these types of 
solutions. This ordering relationship between these two classes 
of solutions can also be understood from Eq. 1 where the 
integrand shows that the more positive a solution, the lower 
the respective values for the pair correlation function at a given 
intermolecular separation and hence the higher the values for 
p; expected at a given reduced density. The minimum in p{ for 
the 1-2 solution that may be inferred from Figure 5 at higher 
densities is also consistent with the integral equation calcula- 
tions and is in keeping with the decrease in solubility at high 
solvent densities that has been discussed by Kurnik and Reid 
(1981). Also shown in Figure 5 are results for a solvent mixture 
with x, = 0.508. It is evident that the mixture values lie inter- 
mediate to those of the respective pure solvents at similar 

....,..* - - -4 
- 

(3. -.. . . . - 
‘-‘Q 

I I I I I 1 
0.25 0.5 0.75 1 1.25 1.5 1.75 

Reduced density p, 

-2.5 ‘ 
Figure 5. Residual chemical potential p; vs. reduced 

density p r  for various near.critica1 solvent mix- 
tures where T,= 1.05. 

conditions of T, and p,. These results are representative of 
others that we have found with various solvent mixture com- 
positions and indicate no untoward behavior of the fluid mix- 
ture as solvent. We also took this opportunity to evaluate a 
well-known approximate theory for fluid mixtures, namely the 
van der Waals one fluid (VDWI) model (Leland et al., 1968; 
Henderson and Leonard, 1971; MacGowan et al., 1985). In 
this regard, we treated the 1,2 solvent mixtures as a ‘synthetic’ 
one fluid with fluid properties given by the established VDWl 
mixing rules for the potential parameters, 

i i  

where ex and ox are the one fluid well depth and size parameters, 
respectively. The purpose of the computations was to evaluate 
the solute residual chemical potential p; in this synthetic VDWl 
fluid solvent and compare the results with the simulation results 
of the actual fluid mixture which we term the exact results. 
These comparisons are shown in Figures 6 and 7 for two dif- 
ferent mixture compositions studied by Munoz (1992) with 
critical parameters, as shown in Table 8. The agreement be- 

-0.5 I I I I I 4 
I --8- Real W molecular fluid A 

0.5 0.7 0.9 1.1 I .3 1.5 

Figure 4. Critical locus (temperature vs. density) of a 
liquid mixture represented by solvent 2 and 
solvent 3 in Table 7. 

-2.5 1 I I I I I 1 
1 1.25 1.5 1.75 0.25 0.5 0.75 

Reduced density p, 

Figure 6. Residual chemical potential p; vs. reduced 
density p, for xz=0.508 where T,= 1.05. 
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tween the approximate theory and the exact results, at least 
for the property p;, is impressive and represents a success for 
the VDWl theory for this new series of calculations. 

3 -1.5 - 
v - 

-2 1 - 

-2.5 -- ' 1 I I I 

Conclusions 
The purpose of this article has been to address several issues 

associated with computer simulation of dilute mixture ther- 
modynamic properties at conditions close to the system's crit- 
ical point. A number of questions arise in these circumstances 
because of the potentially contradictory demands of the prob- 
lem being studied. On the one hand, simulations usually involve 
the use of relatively small system sizes for the calculations, 
while on the other hand critical phenomena related to second- 
order phase transitions implicitly involve long length scale in- 
termolecular correlations. Can these two situations be rec- 
onciled so that the simulations provide useful information? 

The results here demonstrate that for properties like the 
solute chemical potential, this conflict can be successfully over- 
come largely because of the inherently short-range nature of 
this particular property, as well as the fact that it is insensitive 
to local solvent density enhancements even when the local 
density values depart significantly from bulk ones. The energy- 
entropy cancellation effect that accounts for the relative in- 
sensitivity of & to local solvent density enhancement, has been 
borne out by the results and confirms our previous results 
obtained using integral equation theory calculations. At con- 
ditions very close to the critical point, tripling sample size did 
not significantly affect the simulation results for p; although 
tripling the number of simulation steps did increase accuracy, 

Table 8. Thermodynamic Properties of Near-Critical Solvent 
Mixtures* 

System A B C D 
X: 0.00 0.51 0.75 1 .OO 
N2 0 63 93 1 24 
Tc(K)  270.112 470.764 51 I .700 540.224 
p,(mol/cm') 8.323E-3 5.982E-3 4.776E-3 3.935E-3 
4 k ( K )  204.68 306.25 356.48 409.36 
u,tA) 3.831 4.383 4.646 4.918 

*x2 is the mole traction of solvent 2, N2 is the number of molecules of solvent 
2 in the sampling box, T, and pc are critical temperatures and densities for 
various solvent mixtures, and er/k and ox are the LJ parameters provided by 
the van der Waals one fluid theory 
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as might be expected. These calculations were all done in the 
NVT ensemble which has sometimes been held open to question 
for use in simulations of near-critical systems; the reason for 
this being that at the outset of the simulation the ensemble 
density is fixed, and it is felt that this might suppress the effects 
of local density fluctuations to the detriment of the calcula- 
tions. This does not appear to be necessarily the case based 
upon the results provided here. On the other hand, properties 
like u, (average configurational energy of a solute molecule) 
were examined and appeared to be more strongly affected by 
the ensemble size used-the larger the sample size, the more 
accurate were the results found. Clearly, simulation require- 
ments for different classes of properties in near-critical mix- 
tures will vary, dependent upon the sensitivity of long-range 
effects to the property in question. When these effects are 
relevant to the property in question, accuracy in the simulations 
will require careful attention to the size of the system and other 
algorithmic details. 

An important role of computer simulation is to provide 
benchmark results for fluid thermodynamics properties against 
which to test approximate physical theories. These theories 
usually arise as a consequence of having to simplify the math- 
ematical form of the exact expressions given by rigorous sta- 
tistical mechanics. Here we evaluated such a theory i n  
comparison with simulation results for the solute chemical 
potential in a supercritical fluid solvent. While some compar- 
isons have previously been made between this theory and sim- 
ulation results, these have generally not been at the critical 
point or in its close vicinity like the results presented here. For 
the solute chemical potential at conditions investigated in this 
article, the agreement between theory and the most accurate 
simulations has often been very good, suggesting that the the- 
ory captures many of the important effects describing near- 
critical fluid behavior. Finally, we compared mixture results 
obtained from simulations with a well-known approximate 
theory for fluid mixture properties and once again agreement 
between theory and simulation was shown to be quite good. 
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Notation 
residual Helmholtz free energy 
spatial function of p ;  
molecular pair correlation function 
residual partial molar enthalpy of the solute 
thermodynamic state of solution including N2 solvent with 
I solute 
thermodynamic state of solution including N2 solvent only 
Boltzmann's constant 
length of a sampling box 
actual number of molecules 
existing number if local density equals prevailing bulk den- 
sity 
intermolecular distance 
residual partial molar entropy of the solute 
temperature 
reduced temperature with respect to energy wall depth of 
LJ parameter (= kT/e,,) 
critical temperature of liquid mixture 
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T, = 

UI = - up. = 

v,“‘“ = 
VP” = 

I =  
2 =  
3 =  

V =  
- 

reduced temperature with respect to critical temperature 
of liquid mixture ( = T/T;’“) 
average potential energy of solute 
solute partial molar internal energy at infinite-dilution so- 
lution 
volume 
critical volume of liquid mixture 
solute partial molar volume at infinite-dilution solution 
solute molecule 
solvent molecule 
solvent molecule 

Greek letters 
P =  

A =  
r ;  = 
€ =  

APIm = 
p,“’“ = 

p* = 

€ =  

P =  

Pr = 

a =  

l /kT 
well-depth parameter of Lennard-Jones energy function 
perturbation parameter 
solute residual chemical potential 
Kirkwood coupling parameter 
density (= N / V )  
local density enhancement 
critical density of liquid mixture (= N/V,m‘”) 
reduced density with respect to collision diameter 
( =No&/ V )  
reduced density with respect to critical density of liquid 
mixture (= N / V F )  
collision diameter of Lennard-Jones energy function 
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